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The Turing Lab

● Multidisciplinary team: mathematics didactics and computer 
science (http://turing.scedu.umontreal.ca)

● Development of tutorial systems since 2009
and completion of the tutor software QED-Tutrix

● Our work is focused mainly on didactic and cognitive interactions:
– From the idea of mathematical work in schools and the theory of 

mathematical working spaces (Kuzniak & Richard, 2014, and very more…)
– And based on adaptive research approaches that encourage suitable 

mathematical working spaces (iterative and convergent processes)
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Didactique

Informatique

Couches
Cycles

ExpérimentationStructure discursivo-graphique

Structure des messages

Structure des problèmes

Structure évaluative

Structure des pro ls d’intervention

Validation des graphes
+ Développement des messages discursifs

Validation des messages discursifs
+ Développement des pro ls d’intervention

Validation des messages intégrés
+ Développement des compétences instrumentées

Validation des interventions adaptées
+ Développement des sous-problèmes

QED-Tutrix

http://turing.scedu.umontreal.ca/
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QED-Tutrix

● Software providing an interface to solve high school level 
geometry proof problems

● Handles the whole solving process (ex. exploration, reasoning, 
writing)

● Is able to provide customized help during the solving process, if 
necessary, related to the student's mathematical work

● The tutor must know a priori the various possible resolution paths 
to be able to anticipate the student’s steps (inferential approach)
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What's going on under there
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What could be going on under there
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Inferential approach: on justifications
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Discursive justification

ConsequentJustificationAntecedents

(AB) ∥ (AC)

Euclid's
Axiome

A, B and C 
are aligned
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Any other?

Justification
ConsequentAntecedents

What happens if some inferences are justified by an interacting
technological tool, such as calculations (numerical or symbolic), the 
construction or animation of a dynamic figure, the execution of an 
algorithm, the creation of a recognized mathematical process, the use of 
an automated reasoning tool or the modelling of a real-life situation?
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Issues and challenges in instrumental proof

Mathematics Education in the Digital Era

Gila Hanna
David A. Reid
Michael de Villiers    Editors

Proof 
Technology in 
Mathematics 
Research and 
Teaching 
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On mathematical work at school
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Questions and discussion

See appendices for more information



Appendix 1
The realization of a proof support system in a

process of adaptation to the human perspective

Ludovic Font
Philippe R. Richard • Othmane Farid • Sébastien Cyr • Michel Gagnon • Fabienne Venant
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Generation of a problem’s solutions

● Automated generation based on logic programming:
– Input >> the problem statement, i.e., hypotheses and conclusion, and a 

set of properties / definitions
– Output >> the set of all possible proofs

● The problem statement must be encoded

● The generated proofs are based on a given referential (Kuzniak & 
Richard, 2014) 

● This referential can vary depending on the teacher, the course, the 
level, the didactic contract, etc. 
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Knowledge extraction from a problem 
statement
● Extraction, from a textual source, of a problem hypotheses and 

conclusion

● Many linguistic and mathematical variations in the wording 

● Example 1. X and Y are equidistant from A and B. Prove that (XY) is 
the perpendicular bisector of [AB]

● Example 2. A and B are points on line l. The point X is at the same 
distance from point A and from point B. The same is true for point 
Y. Show that the line on which X and Y are is the perpendicular 
bisector of line l.
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Knowledge extraction from a problem 
statement
Extraction based on an 
ontology describing 
geometric entities and 
relations
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Knowledge extraction from a problem 
statement
Extraction based on an 
ontology describing 
geometric entities and 
relations

🔎
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Knowledge extraction from a problem 
statement
Two goals

● Maximal coverage (recall) of the extracted hypotheses, both 
explicit and implicit:
– In examples 1 and 2, the fact that X, Y, A and B are distinct point is not 

explicit

● Uniform representation of the extracted knowledge despite the 
mathematical and linguistic variations between two similar 
problem statements
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The inferential shortcuts
Example. X and Y are equidistant from A and B. Prove that (XY) is the 
perpendicular bisector of [AB]

X equidistant from A and B Y equidistant from A and B

A point equidistant from two points is 
on the perpendicular bissector of the 
segment between these two points

A point equidistant from two points is on 
the perpendicular bissector of the 

segment between these two points

X is on the perpendicular 
bissector of segment [AB]

Y is on the perpendicular 
bissector of segment [AB]

X distinct from Y

There is one and only one line that 
goes through two points

(XY) is a line

If two points are both on a particular line, this 
line is the same line as the one passing 

through both points

(XY) is the perpendicular 
bissector of [AB]

X equidistant from A and B Y equidistant from A and B

A point equidistant from two points is 
on the perpendicular bissector of the 
segment between these two points

(XY) is the perpendicular 
bissector of [AB]
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The referential

● For the structuring of the system, the referential (in the meaning
of Kuzniak & Richard, 2014) is made up by a set of definitions and 
properties characteristic, resulting from mathematical work

● In Quebec, teachers are free to choose their referentials as long as 
they meet the minimum requirements of the official mathematics
curriculum (http://www.education.gouv.qc.ca/)

● This leads to a dynamic referential that must be introduced in the 
system to reflect the reality of the classroom (intention to adapt to 
didactic contracts)

http://www.education.gouv.qc.ca/


Appendix 2
The modelisation of the possible proofs for high school geometry 

problems in the tutoring software QED-Tutrix

Ludovic Font
Michel Gagnon • Nicolas Leduc • Pascal-Alexandre Morel • Philippe R. Richard • Michèle Tessier-Baillargeon
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A typical high school problem
(easily explained in a slide show to shed light on the main issues)

“Prove that a quadrilateral with three right angles is a rectangle”
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In other words

● To anticipate the students’ behaviour, a structure containing all the 
ways to solve the problem is needed, not only the shortest proof

● Our model stores such a set of proofs in a graph

● This graph:
– Is then updated to follow the student’s progress
– Can be analyzed to find the proof the student is currently working on
– Is explored to propose, if needed, tutorial messages based on the 

(estimated) student’s mathematical work



An example of proof

1. Since AB and AD are perpendicular, and AD and CD are perpendicular, 
then, using the property “two line perpendicular to a third are parallel”, 
we conclude that AB and CD are parallel.

2. Since BC and CD are perpendicular, and AB and CD are parallel, then, 
using the property “If two lines are parallel, any line perpendicular to 
one is perpendicular to the other”, we conclude that AB and BC are 
perpendicular.

3. Since AB and AD are perpendicular, AD and CD are perpendicular, BC and 
CD are perpendicular, and AB and BC are perpendicular, then, using the 
definition “a rectangle is a quadrilateral with four right angles”, we 
conclude that ABCD is a rectangle.
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Typical HPDIC uses

● Storing the student’s progression in the resolution of a problem

● Listing the n most advanced proofs

● Identifying the next tutorial message in case the student is stuck
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Short conclusions

• The HPDIC graph can represent a set of proofs to a given problem

• It allows the representation of “real” proofs, as they appear in class

• QED-Tutrix uses the HPDIC graph of a problem to evaluate the mental 
state of a student, and to anticipate his resolution process



Understanding and creating to better understand instrumental proof using QED-Tutrix
Philippe R. Richard • 2020-02-28

38

Work to come and projection towards the 
future

CAHIER DES CHARGES

Développement du logiciel QED-Tutrix

Nom de l’entreprise     : Polytechnique Montréal, Université de Montréal
Laboratoires : Turing, LAMA-WeST
Nom du projet : QED-Tutrix 2.0 (version web)
Personnes responsables : Michel Gagnon (Génie informatique / logiciel)

Nicolas Leduc (Génie informatique / logiciel)
Philippe R. Richard (Didactique)

22 janvier 2019
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Justification
ConsequentAntecedents

Calculations

Modelling

Dynamic figure

Algorithm
Creation

Automated reasoning tool
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Thanks for your attention !


